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We show how to generate an entangled pair of yttrium iron garnet (YIG) samples in a cavity-magnon system
without using any nonlinearities which are typically very weak. This is against the conventional wisdom which
necessarily requires strong Kerr like nonlinearity. Our key idea, which leads to entanglement, is to drive the cav-
ity by a weak squeezed vacuum field generated by a flux-driven Josephson parametric amplifier (JPA). The two
YIG samples interact via the cavity. For modest values of the squeezing of the pump, we obtain significant en-
tanglement. This is the principal feature of our scheme. We discuss entanglement between macroscopic spheres
using several different quantitative criteria. We show the optimal parameter regimes for obtaining entanglement
which is robust against temperature. We also discuss squeezing of the collective magnon variables.
Yttrium iron garnet (YIG), an excellent ferrimagnetic sys-
tem, has attracted considerable attention during the past few
years. The Kittel mode [1] in YIG possesses unique properties
including rich magnonic nonlinearities [2] and a low damping
rate [3] and in addition the high spin density in YIG allows
strong coupling between magnons and microwave cavity pho-
tons giving rise to quasiparticles, namely the cavity-magnon
polaritons [3–8]. Strong coupling between the YIG sphere
and the cavity photons have been observed at both cryogenic
and room temperatures [8]. Aided by these superior proper-
ties, YIG is reckoned to be the key ingredient in future quan-
tum information networks [9]. Thus a variety of intriguing
phenomena have been investigated in the context of magnons.
This include the observation of bistability [10], cavity spin-
tronics [7, 11], level attraction for cavity magnon-polaritons
[12], magnon dark modes [13], the exceptional point [14] etc.
By virtue of the strong coupling among magnons, a multi-
tude of quantum information aspects have been investigated
including the coupling of magnons to a superconducting qubit
[15] and phonons [16]. Other interesting phenomena involve
magnon induced transparency [17], magnetically controllable
slow light [18] etc.
Owing to the diverse interactions of magnons with other in-
formation carriers, YIG offer a novel platform in the analysis
of macroscopic quantum phenomena. The coherent phonon-
magnon interactions due to the radiation pressure like mag-
netostrictive deformation [19] was studied. The nonlinear
interaction between magnons and phonons can give rise to
magnomechanical entanglement which further transfers to
photon-magnon and photon-phonon subsystems, generating
a tripartite entangled state [20]. Another recent work pro-
posed a scheme to create squeezed states of both magnons
and phonons in a hybrid magnon-photon-phonon system [21].
The squeezing generated in the cavity was transferred to the
magnons via the cavity-magnon beamsplitter interaction.
There is not much work on the coupling of two macroscopic
YIG samples in a cavity. Recently the spin current genera-
tion in a YIG sample due to excitation in another YIG sam-
ple has been investigated [11]. This arises from the cavity
mediated coupling between the two samples. It is thus nat-
ural to consider the possibility of quantum entanglement be-
tween two YIG samples as there has been significant interest
in the study of quantum entanglement between macroscopic
systems. Recently there has been remarkable success in the
observation of quantum entanglement between macroscopic
mechanical oscillators [22, 23] with photonic crystal cavities
and with superconducting quibits. In addition entanglement
between cavity field and mechanical motion has been reported
[24]. The conventional wisdom of producing entanglement
involves nonlinearities in the system. The well known nonlin-
earities are the magnetostrictive interaction [16] and the Kerr
effect [2]. The magnetostrictive force allows the magnons to
couple to the phonons and can be used to generate magnon-
phonon entanglement [20]. The Kerr nonlinearity arises from
the magnetocrystalline anisotropy and has been used to pro-
duce bistability in magnon-photon systems. In recent publica-
tions, these nonlinearities have been used to produce entangle-
ment between two magnon modes in a magnon-cavity system
[25–27].
Here we present a scheme to generate an entangled pair of
YIG spheres in a cavity-magnon system without using any
nonlinearities. In addition, we also investigate the squeezed
states of the coupled system of two YIG spheres. Two YIG
spheres are coupled to the cavity field and the cavity is driven
by a squeezed vacuum field [30, 31], resulting in a squeezed
cavity field. A flux-driven Josephson parametric amplifier
(JPA) is used to generate the squeezed vacuum microwave
field. The squeezing in the cavity will be transferred to the
two YIG samples due to the cavity-magnon beamsplitter in-
teraction. Based on experimentally attainable parameters, we
show that significant bipartite entanglement can be generated
between the YIG samples. The entanglement is robust against
temperature. Our results can be extended to other geometries
of YIG. Further the method that we propose is quite generic
and can be used for other macroscopic systems.
We consider the cavity-magnon system [16, 19, 20] which
consists of cavity microwave photons and magnons, as shown
in figure 1. The magnons are quasiparticles, a collective ex-
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FIG. 1: Two YIG spheres are placed inside a microwave cav-
ity near the maximum magnetic field of the cavity mode, and si-
multaneously in a uniform bias magnetic field. The cavity is
driven by a week squeezed vacuum field generated by a flux-driven
JPA. The magnetic field of the cavity mode is in the x direc-
tion and the bias magnetic field is applied along the z direction.
citation of a large number of spins in a YIG sphere. They are
coupled to the cavity photons via the magnetic dipole interac-
tion. The Hamiltonian of the system reads [32]
H/~ = ωaa†a + ωm1 m†1m1 + ωm2 m†2m2
+ gm1a(a + a
†)(m1 + m†1) + gm2a(a + a
†)(m2 + m†2), (1)
where a (a†) are the annihilation (creation) operator of cav-
ity mode, m1, m2 ( m
†
1, m
†
2) are the annihilation (creation)
operators of the two magnon modes and they represent the
collective motion of spins via the Holstein-Primakoff trans-
formation [33] in terms of Bosons. The parameters ωa, ωmi
(i=1,2) are the resonance frequencies of the cavity and the
magnon modes. Hereafter, wherever we use a subscript ‘i’ it
can take values from 1 to 2. The magnon frequency is given
by the expression ωmi = γHi, where γ/2pi = 28 GHz/T is
the gyromagnetic ratio and Hi are the external bias magnetic
fields. The gmia in Eq.(1) are the linear photon-magnon cou-
pling strengths. The cavity is driven by a week squeezed vac-
uum field generated by a flux driven JPA. JPAs can in prin-
ciple amplify a single signal quadrature without adding any
extra noise. The squeezed vacuum is generated by degenerate
parametric down-conversion using the nonlinear inductance
of Josephson junctions [34–44] and a squeezing down to 10%
of the vacuum variance has been produced [36]. The oper-
ation of generating squeezed vacuum is depicted in figure 1.
Vacuum fluctuations are at the signal port and the pump field
is applied at frequency 2ωs. The pump photon splits into a
signal and an idler photon. Strong quantum correlations be-
tween the signal and idler photons are generated which re-
sult in squeezing. The output is at the frequency ωs [37, 40].
The Hamiltonian described by Eq.(1) does not contain terms
involving the input drive field. We use standard quantum
Langevin formalism to model the system and the equations
describing the evolution of the system operators will contain
the input drive terms. Applying the rotating-wave approxima-
tion gmia(a + a
†)(mi + m†i ) becomes gmia(am
† + a†m) [3–7, 16].
In the rotating frame at the frequency ωs of the squeezed vac-
uum field, the quantum Langevin equations (QLEs) describ-
ing the system can be written as follows
a˙ = −(i∆a + ka)a − igm1am1 − igm2am2 +
√
2kaain,
m˙1 = −(i∆m1 + km1 )m1 − igm1aa +
√
2km1 m
in
1 , (2)
m˙2 = −(i∆m2 + km2 )m2 − igm2aa +
√
2km2 m
in
2 ,
where ∆a = ωa−ωs, ∆mi = ωmi−ωs, ka is the dissipation rate of
the cavity, kmi are the dissipation rates of the magnon modes,
and ain, mini are the input noise operators of the cavity and
magnon modes, respectively. The input noise operators are
characterized by zero mean and the following correlation re-
lations [45], 〈ain(t)ain†(t′)〉 = (N+1)δ(t − t′), 〈ain†(t)ain(t′)〉 =
Nδ(t − t′), 〈ain(t)ain(t′)〉 = Mδ(t − t′), 〈ain†(t)ain†(t′)〉 =
M∗δ(t − t′), where N=sinh2 r, M=eiθ sinh r cosh r with r
and θ being the squeezing parameter and the phase of the
input squeezed vacuum field, respectively. We have the
other input correlations for the magnon as 〈mini (t)min†i (t′)〉 =
[Nmi (ωmi ) + 1]δ(t − t′), 〈min†i (t)mini (t′)〉 = Nmi (ωmi )δ(t − t′),
where Nmi (ωmi ) = [exp(
~ωmi
kBT
) − 1]−1 are the equlibrium mean
thermal magnon numbers of the two magnon modes.
We now show that the YIG spheres can be entangled by
resonantly driving the cavity with a squeezed vacuum field.
We write down the field operators as their steady state values
plus the fluctuations around the steady state. The fluctuations
of the system can be described by the QLEs
δa˙ = −(i∆a + ka)δa − igm1aδm1 − igm2aδm2 +
√
2kaain,
δm˙1 = −(i∆m1 + km1 )δm1 − igm1aδa +
√
2km1 m
in
1 , (3)
δm˙2 = −(i∆m2 + km2 )δm2 − igm2aδa +
√
2km2 m
in
2 .
The quadratures of the cavity field and the two magnon modes
are given by δX = (δa + δa†)/
√
2, δY = i(δa† − δa)/√2, δxi =
(δmi + δm
†
i )/
√
2 and δyi = i(δm
†
i − δmi)
√
2, and similarly for
the input noise operators. The QLEs describing the quadrature
fluctuations (δX, δY, δx1, δy1, δx2, δy2) can be written as
u˙(t) = Au(t) + n(t), (4)
where u(t) = [δX(t), δY(t), δx1(t), δy1(t), δx2(t), δy2(t)]T ,
n(t) = [
√
2kaXin,
√
2kaY in,
√
2km1 x
in
1 ,
√
2km1 y
in
1 ,
√
2km2 x
in
2 ,√
2km2 y
in
2 ]
T and
A =

−ka ∆a 0 gm1a 0 gm2a
−∆a −ka −gm1a 0 −gm2a 0
0 gm1a −km1 ∆m1 0 0
−gm1a 0 −∆m1 −km1 0 0
0 gm2a 0 0 −km2 ∆m2
−gm2a 0 0 0 −∆m2 −km2

. (5)
The system is a continuous variable (CV) three- mode Gaus-
sian state and it can be completely described by a 6 × 6
covariance matrix (CM) V defined as V(t)= 12 〈ui(t)u j(t′) +
3(a)
 (b)

FIG. 2: Density plot of bipartite entanglement Em1m2 between
the two magnon modes versus ∆a and ∆m1 (a) with ∆m2 = ∆m1 ,
r = 1, θ = 0, T = 20 mK, (b) with ∆m2 = ∆m1 , r = 2,
θ = 0, T = 20 mK. Other parameters are given in the text.
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FIG. 3: Plot of bipartite entanglement Em1m2 be-
tween the two magnon modes against temperature
with ∆a = ∆m1 = ∆m2 = 0, r = 2 and θ = 0.
u j(t′)ui(t)〉, (i, j =1, 2....6). The steady state CM V can be
obtained by solving the Lyapunov equation [46, 47]
AV + VAT = −D, (6)
where D is the diffusion matrix defined as 〈ni(t)n j(t′) +
n j(t′)ni(t)〉/2 = Di jδ(t − t′). We use logarithmic negativ-
ity [48] as the quantitative measure to investigate the bi-
partite entanglement Em1m2 between the two magnon modes.
It can be obtained from Em1m2 = max[0,−ln(2ν−)] where
ν− = min[eig(iΩP12VP12)], Ω = iσy
⊕
iσy, P12 = 1
⊕
σz
and σy, σz are the Pauli matrices [49]. Figure 2(a)-(b) shows
the bipartite entanglement between the two magnon modes
at two different squeezing parameters. We use a set of ex-
perimentally feasible parameters [16]: ωa/2pi = 10 GHz,
ka/2pi = 5kmi/2pi = 5 MHz, gm1a = gm2a = 4ka and T = 20
mK, Nm1 = Nm2 ≈ 0 at 20 mK. The YIG sphere has a diam-
eter 250-µm and the number of spins N ≈ 3.5 × 1016. We
have adopted the parameters so that the two magnon modes
are identical. We observe that ∆a = ∆m1 = ∆m2 = 0, in other
words ωa = ωs, ωmi = ωs are optimal for the entanglement
between the two YIG samples. At resonance we observe the
maximum amount of entanglement and it increases with the
increase in the squeezing parameter. Figure 3 shows that the
(a)
 (b) 

FIG. 4: (a) 〈δM2x〉 + 〈δm2y〉 against ∆a and ∆m1 with ∆m2 = ∆m1 ,
r = 2, θ = 0, T = 20 mK. (b) 〈δM2x〉 against ∆a and squeez-
ing parameter r with ∆m1 = ∆m2 = 0, θ = 0, T=20 mK.
bipartite entanglement is quite robust against temperature. We
observe significant amount of entanglement even at T =0.5 K
which is quite remarkable for the system of two YIG spheres.
We have chosen identical coupling between photon and the
two magnon modes. In the case of unequal coupling the en-
tanglement goes down. Although we have chosen two identi-
cal YIG spheres, one can have two cuboidal YIG samples as in
[11] with an angle θ between the external magnetic field and
the local microwave magnetic field at one YIG sample. This
makes the resonance frequencies of the two samples different.
To compare our results with the protocols using nonlinear
methods, a recent work [26] produced an entanglement close
to 0.25 between the magnon modes at a temperature 10 mK
through a Kerr nonlinearity introduced by a strong classical
drive. The use of a different kind of nonlinearity, namely the
magnetostrictive interaction in one YIG sphere produces sim-
ilar entanglement [25] at a temperature 10 mK. The entan-
glement vanishes as the temperature approaches 20 mK. In
contrast our scheme for entanglement generation produces a
steady and strong entanglement between 0 to 100 mK and a
significant amount of entanglement is present even at 500 mK.
The mechanism of the entanglement generation will become
clear from the discussion below.
Next we discuss two different criteria for entanglement in
a two mode CV system. The advantage of these criteria over
logarithmic negativity is that the former can be easily exam-
ined through experiments [22, 23], though in a qualitative
way. The first inseparability condition proposed by Simon
[49] and Duan et al. [50] is the sufficient condition for entan-
glement in a two mode CV system. We define a new set of
operators M = (m1 + m2)/
√
2, m = (m1 − m2)/
√
2. The cri-
terion suggests that if the two modes are separable then they
should satisfy the following inequality
〈δM2x〉 + 〈δm2y〉 ≥ 1, (7)
where δMx and δmy are the fluctuations in the quadratures Mx
and my defined as Mx = (M + M†)/
√
2, my = i(m† − m)/
√
2.
In other words, violation of the inequality in Eq.(7) means the
existance of entanglement between the two YIG samples. Fig-
ure 4(a) shows that there is region around ∆a = 0 and ∆m1 = 0
(resonance) in which 〈δM2x〉 + 〈δm2y〉 is less than one and it is
4a clear manifestation of the entanglement present between the
YIG samples. Mancini et al. [51] derived another inequality
which is useful in characterizing separable states. It suggests
that if the two mode CV system is separable, then it should
satisfy the following inequality
〈δM2x〉〈δm2y〉 ≥ 1/4. (8)
Hence the violation of Eq.(8) implies that the YIG samples
are entangled. We use identical coupling strengths between
the cavity and the two YIG samples. Therefore when ∆m1 =
∆m2 = 0 the Hamiltonian of the system in the rotating frame
of the drive can be written as
H/~ = ∆aa†a +
√
2gm1a(a + a
†)(M + M†). (9)
The Hamiltonian does not contain a term involving m and m†.
Hence the fluctuations in m will be equal to the fluctuations
at time t = 0. Since m at t = 0 is in the vacuum state (at
low temperature 20 mK), we have 〈δm2y〉 = 1/2. Figure 4(b)
shows that there is a region close to resonance where the quan-
tity 〈δM2x〉 is less than 1/2. This violates the inequality in
Eq.(8) and hence the two YIG samples are entangled. This
further corroborates our results. As a byproduct of our results
we investigate the squeezing of the two magnon modes and
show that it can be acheived by resonantly driving the cavity
with a squeezed vacuum field. We are interested in the vari-
ances of the cavity and magnon mode quadratures and they
are given by diagonal elements of the time-dependent CM
V(t) as defined previously. The amount of squeezing in a
mode quadrature X can be expressed in decibels (dB). It is
obtained from the expression −10log10[〈δX(t)2〉/〈δX(t)2〉vac],
where 〈δX(t)2〉vac = 12 . As discussed in [21] when the cav-
ity and the two magnon modes are decoupled, the cavity field
is squeezed as a result of the squeezed driving field and the
magnon modes possesses vacuum fluctuations. As we in-
crease the coupling strength, squeezing is partially transffered
to the two identical YIG samples. The blue region in figure
5(a)-(b) represents the region of squeezing. For r = 2 the
input squeezing is about 17.35 dB. We observed a squeezing
of about 2.27 dB for each of the two magnon modes at res-
onance with T =20 mK. Note that figure 5 give the magnon
quadrature when both the YIG samples are present. Figure
6(a) shows that the magnon squeezing is robust against tem-
perature. We observe moderate squeezing for both spheres
even at T =0.35 K. At resonance we also find a squeezing of
about 7.28 dB for the Mx quadrature of the collective variable
M. This is comparable to the results when one had only one
YIG sample present and clearly manifested in figures 6(b)-(c).
In conclusion, We have presented a scheme to generate an
entangled pair of YIG samples in a cavity-magnon system.
Entanglement of magnon modes can be generated through res-
onantly driving the cavity by a squeezed vacuum field and it
can be realized using experimentally attainable parameters.
The entanglement produced is robust against temperature.
We observe considerable amount of entanglement even at
T= 0.5K. We have also discussed possible strategies to mea-
sure the generated entanglement. We have also showed that
(a)
 (b)

FIG. 5: (a) Variance of the first magnon quadrature 〈δx1(t)2〉 ver-
sus ∆a and ∆m1 . (b) Variance of the first magnon quadrature against
squeezing parameter r and phase θ. The other parameters in (a) are
r = 2, θ = 0, ∆m1 = ∆m2 , T =20 mK. Other parameters in (b) are ∆a =
∆m1 = ∆m2 = 0 and T =20 mK. 〈δx2(t)2〉 is identical to 〈δx1(t)2〉.
(a)
 (b)

(c) 

FIG. 6: (a) Variance of the first magnon quadrature 〈δx1(t)2〉
against squeezing parameter r and temperature T when both YIG
samples are present. (b) Variance of the first magnon quadrature
〈δx1(t)2〉 against squeezing parameter r and temperature T with
only one YIG sample is present. (c) Variance 〈δM2x〉 of the col-
lective variable M against squeezing parameter r and temperature
T . The other parameters are ∆a = ∆m1 = ∆m2 = 0, θ = 0.
by employing the same method squeezed states of magnons
in two different modes can be achieved. For an input squeez-
ing of 17.35 dB we have observed a squeezing of about 2.27
dB for the magnon modes at T= 20 mK.
Our scheme for entangling YIG samples does not require
any nonlinearities and hence goes against the conventional
wisdom of producing entanglement. This provides an entirely
new method for entangling macroscopic systems, which can
be used in other macroscopic systems.
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